Abstract-Reliable quantitative mapping of minerals exposed on Vesta's surface is crucial for understanding the crustal composition, petrologic evolution, and surface modification of the howardite, eucrite, and diogenite (HED) parent body. However, mineral abundance estimates derived from visible-near infrared (VIS-NIR) reflectance spectra are complicated by multiple scattering, particle size, and nonlinear mixing effects. Radiative transfer models can be employed to accommodate these issues, and here we assess the utility of such models to accurately and efficiently determine modal mineralogy for a suite of eucrite and olivinebearing (harzburgitic) diogenite meteorites. Hapke and Shkuratov radiative transfer models were implemented to simultaneously estimate mineral abundances and particle size from VIS-NIR reflectance spectra of these samples. The models were tested and compared for laboratory-made binary (pyroxene-plagioclase) and ternary mixtures (pyroxene-olivineplagioclase) as well as eucrite and diogenite meteorite samples. Results for both models show that the derived mineral abundances are commonly within 5-10% of modal values and the estimated particle sizes are within the expected ranges. Results for the Hapke model suggest a lower detection limit for olivine in HEDs when compared with the Shkuratov model (5% versus 15%). Our current implementation yields lower uncertainties in mineral abundance (commonly <5%) for the Hapke model, though both models have an advantage over typically used parameters such as band depth, position, and shape in that they provide quantitative information on mineral abundance and particle size. These results indicate that both the Hapke and Shkuratov models may be applied to Dawn VIR data in a computationally efficient manner to quantify the spatial distribution of pyroxene, plagioclase, and olivine on the surface of Vesta.
INTRODUCTION
Vesta is one of the largest objects in the asteroid belt and is widely assumed to be the parent body of the howardite, eucrite, and diogenite (HED) meteorites (McCord et al. 1970; Binzel and Xu 1993; Keil 2002; Pieters et al. 2005; Mayne et al. 2009 Mayne et al. , 2010 Beck and McSween 2010) . Detailed laboratory investigations of the HEDs reveal a complex geologic history for Vesta and by extension the derived vestoids. Petrologic characteristics of the HEDs suggest Vesta is a differentiated body whose crust contains both intrusive (e.g., diogenite) and extrusive (e.g., eucrite) lithologies (Beck and McSween 2010; Mayne et al. 2010; Yamaguchi et al. 2011; Zuber et al. 2011) , and there are clear compositional differences between these materials. Eucrites are primarily basaltic or gabbroic, whereas diogenites are commonly orthopyroxenitic or harzburgitic in composition. Of particular note for remote sensing applications is the presence of plagioclase in the eucrites and the differences in pyroxene composition between diogenites and eucrites, with the latter containing more Fe and Ca.
Given the differences in visible-near infrared (VIS-NIR) spectral reflectance properties for the mafic minerals that dominate HED compositions (e.g., orthopyroxene, clinopyroxene, and olivine), it should in theory be possible to distinguish between these lithologies using laboratory or spacecraft reflectance data (e.g., Gaffey 1976; Burbine et al. 2001; Beck et al. 2011; De Sanctis et al. 2012; Ammannito et al. 2013a ).
Indeed, the remarkably good match between lab spectra of HEDs and telescopic observations of Vesta have made the HED-Vesta association arguably the best meteorite-asteroid link currently recognized (McCord et al. 1970; Pieters et al. 2005) . However, reflectance spectra of HEDs are quite diverse when compared with disk-averaged telescopic spectra of Vesta, indicating spatially resolved spectra acquired by the visual infrared (VIR) mapping spectrometer on NASA's Dawn mission should also exhibit spectral variability.
Understanding the spatial distribution of HED lithologies on Vesta is of particular interest because these different meteorites record different geological processes and conditions. Although diogenitic and eucritic components record primary igneous processes occurring at various depths within Vesta's crust and/or mantle, the howardite breccias record information about impact processes and regolith gardening. Previous studies have examined general spectral properties of the HED meteorites and have shown that these meteorites can be distinguished to a reasonable degree based on the positions and strengths of the~1 and~2 lm absorption features (caused by the presence of Fe 2+ in olivine and pyroxene) (Gaffey 1976; Burbine et al. 2001; Duffard et al. 2005; Klima et al. 2008; Moskovitz et al. 2010; Beck et al. 2011) . However, more detailed information on the evolution of Vesta may be gained if actual abundances of individual mineral components on the surface can be determined. An improved understanding of modal mineralogy within regions believed to be dominated by howardites, for example, may help to constrain the relative proportions of diogenite and eucrite components within those breccias, which in turn can lead to a better understanding of the crustal distribution of those rock types.
In this context, it is clear that quantitative estimates of modal mineralogy across the surface of Vesta are needed to help constrain and evaluate different models for its petrologic evolution (e.g., magma ocean and serial magmatism processes). To be able to produce such global mineral maps, it is first necessary to validate radiative transfer and spectral mixing models using materials (HEDs) that are directly relevant to Vesta, which is the primary goal of this work. Once validated, these spectral models can be applied to calibrated VIR data to produce global mineral maps for direct comparison to laboratory, telescopic, and other Dawn observations.
BACKGROUND Overview
Recent studies of VIR data indicate that the surface of Vesta is dominated by howardite and eucrite lithologies with localized exposures of diogenite-and olivine-rich material (Ammannito et al. 2013a (Ammannito et al. , 2013b . In addition, Poulet et al. (2014) modeled VIR spectra of four select regions on Vesta to estimate mineral abundances for olivine-bearing, diogenite-like, eucritelike, and "average" terrains. However, the global modal distribution of key minerals (olivine, orthopyroxene, clinopyroxene, plagioclase) on Vesta's surface remains unknown, thus the potential of imaging spectrometers like VIR to address questions on the geologic evolution of Vesta has yet to be fully realized. What is the true distribution of olivine on Vesta? For regions with howardite-like spectra, how do proportions of orthopyroxene and clinopyroxene vary and how might this help us to evaluate different petrologic models? Which regions on Vesta are not spectrally similar to any known HED meteorites? Answering such questions requires knowledge of global modal mineralogy, which in turn requires spectral analysis methods beyond largely qualitative parameters such as absorption band depth, position, and shape.
It is well understood that the interaction between photons and matter can be highly complex for particulate materials that dominate many planetary surfaces (e.g., Hapke 1981) . Several radiative transfer models (RTMs) have been constructed to account for nonlinear spectral mixing in intimate particulate mixtures, most notably the models developed by Hapke (1981) and Shkuratov et al. (1999) , but these two models have never been directly tested and compared for HED meteorites. Fortunately, modal mineralogy has been published for a variety of HED samples, and reflectance spectra of those samples can be evaluated to test the accuracy of different spectral mixing models as well as ascertain sources of uncertainty/ambiguity that may affect interpretation of reflectance data for Vesta.
In this study, we compare the Hapke and Shkuratov radiative transfer models for a suite of eucrite and diogenite meteorites to assess the viability of these models for (1) quantitative mineral mapping of Vesta's surface using Dawn VIR data and (2) to determine if current libraries of reflectance spectra and optical constants are sufficient to accurately model compositions likely to be found on Vesta. The surface of Vesta is likely dominated by breccias, but in this initial study, we have chosen to focus on the mineralogically simpler diogenites and unbrecciated eucrites. The rationale is that these meteorites provide an idealized test case that can act as the foundation for future studies of the more complex howardite and brecciated eucrite meteorites. It is also advantageous to focus on diogenites and unbrecciated eucrites because modal mineralogy, as determined from thin section, has been published for a variety of samples (Mayne et al. 2009 (Mayne et al. , 2010 Beck and McSween 2010) . In contrast, published modal mineralogy values for bulk howardite samples are rare.
Pyroxene, plagioclase, and olivine are the volumetrically dominant phases in eucrites and diogenites. Specifically, diogenites are dominated by orthopyroxene and, in some cases, contain appreciable amounts of olivine. Beck and McSween (2010) made the case that these meteorites could be classified as orthopyroxenitic (orthopyroxene ≥90%), harzburgitic (90% > olivine > 10%), or dunitic (≥90% olivine), and many are polymict breccias. Although eucrites may be considered more mineralogically complex than most diogenites, they too represent relatively simple mixtures in terms of the spectrally dominant phases.
Importantly, modeling the eucrites with RTMs allows us to assess the role of plagioclase, which is modally abundant but often weakly or nonabsorbing at VIS-NIR wavelengths due to lack of transition metals such as Fe. The spectral effects of such "neutral" materials have been examined to some degree in previous studies (e.g., Nash and Conel 1974; Crown and Pieters 1987; Cloutis et al. 1990 ; Moroz and Arnold 1999; Carli et al. 2014; Cheek and Pieters [2014] and references therein), but understanding their effects in natural rocks and mixtures in the context of RTMs that rely on optical constants is critical for understanding the validity and limitations of these models as applied to remotely sensed data. Constraints on plagioclase abundance may be particularly useful for distinguishing between diogenite and howardite/eucrite terrains on Vesta.
Detection and Mapping of Olivine
The identification and quantitative mapping of the distribution of olivine on Vesta's surface is of particular interest given that its presence may imply deep crustal or mantle material exposed by impacts. Olivine is present in a number of diogenites (e.g., Beck and McSween 2010) , but questions remain as to whether or not possible dunitic compositions are observed on Vesta's surface, particularly in association with large impact basins believed to be the source of the vestoids (Binzel and Xu 1993; Gaffey 1997; Thomas et al. 1997; McSween et al. 2013) . Initial studies of data acquired by the Dawn VIR instrument suggest significant amounts of olivine are not widespread across the surface, but highly localized occurrences of olivine-rich materials have been discovered near two small craters in Vesta's northern hemisphere (Ammannito et al. 2013a ).
These identifications were based on spectral reflectance properties (e.g., band shape, position) near 1-1.5 lm that are consistent with the presence of Fe in olivine. Though band depth/position measurements of absorption features are useful for quick assessments of mineralogy, abundances estimated from such methods are largely qualitative. Spectral parameters such as band area ratio (BAR; Cloutis et al. 1986 ) and spectral indices used to detect olivine (e.g., parameters defined by Poulet et al. [2007] and referred to as FoP by Ruesch et al. 2014) can provide useful information on relative proportions of different phases, but they have only been tested for a limited number of possible mixtures. In addition, small amounts of olivine may produce only subtle changes in spectral shape that are not easily detected by these techniques. In general, quantifying the amount of olivine within the regolith of an asteroid such as Vesta can be difficult due to the effects of nonlinear spectral mixing, coupled with the somewhat transparent nature of olivine at many VIS-NIR wavelengths (Beck et al. 2012; Buratti et al. 2013; McSween et al. 2013) . Together, these factors highlight the necessity of RTMs for deriving quantitative estimates of olivine on Vesta and other asteroids (e.g., Poulet et al. 2014; Ruesch et al. 2014) . Recently, Poulet et al. (2014) applied a radiative transfer model to VIR spectra for select regions of Vesta and concluded that olivine is ubiquitous on the surface at abundances of 10-25% but with absolute uncertainties AE10%. However, quantifying olivine from reflectance data is complicated by variations in olivine grain size, composition (Fo#), and the optical properties of the materials with which it is mixed (see recent discussions by Beck et al. [2013] , Ruesch et al. [2014] , and Poulet et al. [2014] ). Therefore, additional work is warranted to understand the accuracy of RTMs for detecting and estimating olivine, particularly for lithologies that have direct relevance to Vesta such as harzburgitic diogenites.
Radiative Transfer Models
The RTMs developed by Hapke (1981) and Shkuratov et al. (1999) attempt to minimize effects associated with multiple scattering phenomena at VIS-NIR wavelengths and, in theory, can provide reliable estimates of mineral abundances in complex and intimate mixtures (Hapke 1981; Pieters 1987, 1989; Shkuratov et al. 1999; Poulet et al. 2002; Lucey 2004; Poulet and Erard 2004; Wilcox et al. 2006; Cahill and Lucey 2007; Lawrence and Lucey 2007; Denevi et al. 2008; Cahill et al. 2009 Cahill et al. , 2010 Li and Li 2011) . The significant difference between the two models is in how they approximate different scattering processes for photons. Reflectance spectra as simulated by Hapke's model are dependent on the incidence (i), emergence (e), and phase (g) angle (Hapke 1981) . In contrast, reflectance as modeled by the Shkuratov et al. (1999) method is simulated at normal incidence and emittance angle, and the Shkuratov scattering function is split into forward and backward scattering hemispheres.
The importance of various terms in the Hapke and Shkuratov models have been reviewed by Poulet et al. (2002) and Li and Li (2011) , and both models have been tested with laboratory measurements for a limited range of materials and particle sizes Pieters 1987, 1989; Poulet and Erard 2004) . Interestingly, although forward models of the Hapke and Shkuratov RTMs have been compared for the same data set (Poulet et al. 2002) , the models have not been systematically tested inversely (i.e., deriving model parameters such as optical constants, endmember abundances, and particle sizes from measured reflectance spectra) and compared for the same data set, and not for HED meteorites. In this study, we present inverse model results for both Hapke and Shkuratov RTMs as applied to a select group of unbrecciated eucrite and olivine-bearing diogenites as well as for laboratory-made mixtures of olivine, pyroxene, and plagioclase.
The primary inputs to RTMs are the optical constants (the real, n, and imaginary, k, components of the complex index of refraction) for the individual mineral endmembers over the wavelength region of interest. Optical constants of the primary minerals in eucrites and diogenites are available in the literature for limited compositions or can be estimated from existing spectral libraries of pure minerals. In previous studies, optical constants of mineral endmembers have been estimated with the Hapke and Shkuratov models and then used as inputs to those models to estimate mineral abundances (Lucey 1998 (Lucey , 2004 Poulet and Erard 2004; Wilcox et al. 2006; Cahill and Lucey 2007; Denevi et al. 2008; Cahill et al. 2009 Cahill et al. , 2010 Li and Li 2011) . This approach is admittedly somewhat circular, and measurements of optical constants that are independent of the RTMs (e.g., direct absorbance measurements) are desirable. Optical constants (k) calculated from the absorbance data have been compared with those derived from RTMs for several materials, including cobalt glasses and gypsum, to demonstrate that RTM-derived k values are in rough agreement with transmissionderived values (e.g., Hapke and Wells 1981; Roush et al. 2007) . Currently, such comparisons for igneous minerals (e.g., olivine, pyroxene, plagioclase) that are of direct relevance to many planetary surfaces are lacking in the literature.
However, optical constants derived directly from transmission spectra are not available for all mineral compositions of interest, particularly for minerals that are part of a solid solution series, and those that do exist do not always span the full VIS-NIR wavelength range of interest for this study (e.g., 0.3-2.5 lm). Spectral mixing models that rely on RTM-derived optical constants have the advantage in that they can at least test internal consistency of the models, but it is not always clear how such optical constants compare to independent measurements from other techniques such as transmission spectroscopy. Here, we examine this issue by comparing optical constants from existing transmission spectra of a pyroxene to those derived from the Hapke and Shkuratov models. Though this is a limited case, it is a starting point to evaluate the validity of RTM-derived optical constants for HEDrelevant minerals.
For future application to Dawn VIR data, the RTMs should also be able to estimate mineral abundance and particle size simultaneously given that neither factor is known a priori for the vestan surface. Ideally, such models should be computationally efficient to produce global mineral maps and to allow those maps to be easily updated as the models are refined (such as incorporation of new optical constants). It is in this context that we test the Hapke and Shkuratov RTMs to assess their ability to provide both acceptable spectral fits and modal mineralogy using an extended and reduced set of mineral endmembers. We also assess the influence of particle size on the RTMs by examining spectra of diogenite chips, bulk (unsieved) powders, and powders sieved to <45 lm. Accuracy and limitations of both the Hapke and Shkuratov models are discussed with implications for quantitative mineral mapping of Vesta using VIS-NIR reflectance spectra.
METHODS

Spectra of Binary and Ternary Mineral Mixtures
We first tested both the Hapke and Shkuratov models using published reflectance spectra for seven synthesized binary mixtures of plagioclase and pyroxene (Mustard and Pieters 1987) and for nine ternary mixtures of pyroxene, plagioclase, and olivine (previously studied by Mustard and Pieters 1989) . Modal mineralogy for each mixture is reported in the respective publication and all spectra were obtained from the NASA Reflectance Experiment LABoratory (RELAB) database at Brown University. The significant difference between these laboratory-prepared mixtures and "natural" mineral mixtures is that the particle size of the former was controlled to be <45 lm, whereas natural samples often exhibit a wider distribution in particle size. Therefore, spectra of these mixtures represent a best-case scenario for testing the RTMs because important variables (mineral abundances, mean particle sizes) are known. Knowledge of particle size is particularly important for deriving the optical constants (n and k) of the endmember minerals from the RTMs. Results from these idealized cases can then be compared to results from natural samples (e.g., HEDs) to understand likely sources of uncertainty when applying the models to more complex natural systems.
Eucrite and Diogenite Samples and Spectra
The primary criterion for testing Hapke and Shkuratov models for HEDs is to examine reflectance spectra of samples whose modal mineralogy has been measured by independent means. Reflectance spectra of 14 different unbrecciated eucrite (Mayne et al. 2009 ) and 13 different olivine-bearing diogenite (Beck and McSween 2010) samples were used in this study. Reflectance spectra of the eucrite samples were previously published by Mayne et al. (2010) and were acquired for particulate samples (all <125 lm) whose modal mineralogy was estimated from corresponding thin sections (Mayne et al. 2009 ). VIS-NIR reflectance spectra of these samples over the 0.3-2.6 lm wavelength range were downloaded from the RELAB database.
Modal mineralogy for the 13 Antarctic olivinebearing diogenites was determined from thin section by Beck and McSween (2010) , but that study did not examine reflectance spectra of the samples. We requested and received portions of these 13 meteorites from the Meteorite Working Group to carry out spectral measurements for this study. However, given that the spatial distribution of olivine in these diogenites is likely variable and that sample amounts were small, we cannot be entirely confident that the modal abundances reported by Beck and McSween (2010) are identical to the modal abundances of the samples we acquired and measured for this study. Observed differences between modeled and measured mineral abundances may be partially due to this discrepancy, as discussed below.
Reflectance spectra of the diogenite samples were initially measured for the bulk intact chips (≤5 mm). The samples were then lightly crushed and measured as bulk powders (most particles <500 lm) and then recrushed until all material passed through a 45 lm diameter mesh sieve. Reflectance spectra for all three size ranges (chips, bulk powders, <45 lm powder) were measured in the NASA RELAB facility at Brown University from 0.28 to 2.6 lm with a spectral sampling of 5 nm using the bidirectional spectrometer (Pieters 1983) . Photographs of the chips and bulk powder of each sample are presented in Fig. 1 , where the size of the image corresponds to the spot size of the bidirectional reflectance measurement. All RELAB spectra used in this study were acquired on-axis with an incidence angle of 30°and emergence angle of 0°. The modal mineralogy, particle size, pyroxene composition, and plagioclase composition reported by Mayne et al. (2009) for the eucrite samples are summarized in Table 1 . Similar information as reported by Beck and McSween (2010) for the diogenites are summarized in Table 2 . Together, these samples span chemical and mineralogical compositions that are representative of typical HED ranges. Importantly, all primary minerals believed to dominate the surface of Vesta are represented to some degree in our selected sample suite, including clinopyroxene (CPX), orthopyroxene (OPX), olivine (Ol), and plagioclase (Plag) (Tables 1 and 2 ). Our samples also cover a wide range of mineral abundances. For instance, CPX abundance varies from 0.3 to 36.5%, OPX varies from 5 to 97.8%, Ol varies from 0 to 91%, and Plag varies from 0 to 61% (Tables 1 and 2 ). Sample MIL 03443, a dunitic diogenite, is of particular interest given that its modal abundance of olivine is >90% (Beck et al. 2011) and thus an ideal sample for assessing the possible detection of olivine-dominated regions on Vesta.
Spectral Endmembers
Estimating modal abundance and particle size from the Hapke and Shkuratov models requires knowledge of the optical constants, n and k, for each possible mineral endmember. As mentioned above, the primary minerals of relevance to Vesta are CPX, OPX, Ol, and Plag. Ideally the input library of mineral endmembers (i.e., their corresponding optical constants) would consist of a wide range of chemical compositions for each phase given that such knowledge for different locations on Vesta is not known a priori. The crystallographic location (M1 or M2 site) and abundance of Fe 2+ , for example, results in variations in the shape, position, and strength of absorption features centered near~1 and 2 lm (e.g., Burns 1993) . Fortunately, pyroxene and olivine compositions for HEDs tend to fall within certain ranges and spectra have been acquired for a wide range of synthetic pyroxenes of known composition (e.g., Klima et al. 2007 Klima et al. , 2008 Klima et al. , 2011 . Here, we discuss the mineral endmembers whose spectra were used to derive optical constants for input to the RTMs.
VIS-NIR reflectance spectra of 46 synthetic CPX (Klima et al. 2008 (Klima et al. , 2011 and 16 synthetic OPX (Klima et al. 2007 (Klima et al. , 2008 samples were included to account for possible variations in pyroxene chemistry. These reflectance spectra were obtained from the RELAB database. In addition, we included spectra of diogenite samples QUE 99050 and LEW 88008 (measured in this study), which correspond to nearly pure OPX (97.8% and 93.8%, respectively), and the spectrum for pyroxene mineral separates from Y-980433, a cumulate eucrite previously measured in RELAB and published by Klima et al. (2008) . These meteorite endmembers allow us to incorporate natural pyroxenes whose compositions and Fe 2+ site occupancy are of direct relevance to HEDs and Vesta. This provides a total of 65 unique pyroxene compositions to use as mineral endmembers for derivation of optical constants for input to the RTMs. The compositions of these pyroxenes are presented in Fig. 2 .
For the olivine endmember, we used a reflectance spectrum for dunitic diogenite sample MIL 03443. This sample contains 91% olivine (Beck and McSween 2010) , exhibits a VIS-NIR reflectance spectrum dominated by olivine, and is of a composition (~Fo 73.7 ) that is representative of olivine associated with HEDs. Plagioclase compositions for many eucrites and diogenites fall within An 80-90 , thus we tested the models with both a spectrum for terrestrial bytownite as well as a spectrum for plagioclase separates from Y-980433 (Klima et al. 2008 ). There were ultimately only minor differences in our results for the different plagioclase endmembers, but because the terrestrial bytownite sample exhibited spectral features due to chemical alteration our final endmember library was restricted to include only the eucrite plagioclase endmember. The bytownite will not be considered further here, but the RELAB identification for it and all other samples is presented in Table 3 . For the final RTMs, the number of pyroxenes used in the input library was downselected to include 11 unique compositions (see discussion below). Reflectance spectra of these pyroxenes and the other mineral endmembers are presented in Fig. 3 .
Single Crystal Transmission Data
Values for the real part (n) of the complex index of refraction tend to exhibit only minor variations over VIS-NIR wavelengths (e.g., Lucey 1998). In contrast, values of the imaginary component (k), which gives rise to absorption features, can vary dramatically. For the latter, the most direct measurement is to derive absorbance values from transmission spectra using single crystals, preferably acquired along the various crystallographic axes. Based on Beer's law, the thickness of the crystal can be used to estimate values of k as a function of wavelength from the absorbance spectrum.
For this study, we obtained single crystal absorbance spectra from the Mineral Spectroscopy Server at Caltech (http://minerals.gps.caltech.edu; data acquired by G. Rossman, Caltech). Of the minerals described above, the only spectra in this database that were of direct relevance to the compositions examined here were for a sample of orthopyroxene (Bamble, Norway enstatite). This single crystal sample (bronzite, Fs 14 ) is compositionally intermediate to two of the orthopyroxene samples from Table 1 . Modal mineral abundances, Wo, En, Fs, An numbers, and particle sizes for the 14 eucrite samples examined in this study. All values are adopted from Mayne et al. (2009 Plag = plagioclase; CPX = clinopyroxene; OPX = orthopyroxene; PS4 = particle size. Table 2 . Modal mineral abundances, Wo, En, Fs, An numbers, and particle sizes for the 13 diogenite samples examined in this study. All values except for particle size are adopted from Beck and McSween (2010 Plag = plagioclase; CPX = clinopyroxene; OPX = orthopyroxene; Ol = olivine; PS1 = particle size of unsieved powders, approximated from sample photos; PS2 = particle size of sieved powders. Klima et al. (2007) (Fs 10 and Fs 20 ) used in our library of spectral endmembers. Absorbance spectra were available for all three crystallographic axes (alpha, beta, and gamma) of the bronzite sample and cover the~400-2500 nm wavelength range that is of interest to this study. However, the alpha data measured from the thick sample (0.34 mm) are out of the scale of the instrument (i.e., the alpha values are not reliable; Rossman, personal communication). Thus, only the alpha data measured from the thin sample (0.095 mm) are applied in this study, and these measurements only span the wavelength range between~0.3 and 1.6 lm. The thickness (D) of the sample was reported for each absorbance spectrum, allowing values of k to be estimated using Beer's law and the methods described by Roush et al. (2007) . These values were compared to k values derived from the Hapke and Shkuratov models for the Fs 10 and Fs 20 samples of Klima et al. (2007) , as well as for a different sample of enstatite from the same locality. Spectra of the latter were obtained from the RELAB database, and although it is not possible for us to verify that this Bamble pyroxene is also Fs 14 in composition, it is nevertheless useful to help us understand how optical constants derived solely from RTMs compare to those derived from transmission measurements.
Radiative Transfer Models
Parameterization and Implementation of Hapke Model
In the Hapke model, a reflectance spectrum, R, can be described as a function of single scattering albedo, x, and viewing geometry (i, e, g). The single scattering albedo is itself a function of the optical constants n(k) and k(k) and is also dependent on the optical path length, 〈D〉, which can be related to particle size, D. The relationship between reflectance and these parameters can be expressed as Rði; e; g; M; n; k; D; /; kÞ ¼ x ave ðM; n; k; D; kÞ 4p
Here, l 0 is the cosine of the incidence angle, l is the cosine of emergence angle, / is the porosity, B(g, /) accounts for the opposition effect, P(g) is the phase function, and H is the multiple scattering function. We set
, where M represents the fractional extinction coefficient for each endmember. These fractional values can be converted to mass or volume fractions if the solid density for each mineral endmember is known. The detailed parameterizations for x, l, l 0 , B(g, /), P(g), and the H functions used in this study are the same as that of Li and Li (2011) , except for two modifications. First, the calculation of absorption coefficient (a) in this study does not include the additional term for accommodating the effect of nano-phase iron (Fe 0 ) that is necessary for lunar soils, thus we adopt a ¼ 4pk k . Second, two scenarios are considered in calculating the optical path length as it relates to particle diameter, D. The first scenario assumes particles are perfectly spherical Hapke 1981) . The second scenario assumes the particles are irregular in shape such that 〈D〉 = 0.2D (Shkuratov and Grynko 2005) .
The Hapke model can be solved inversely to determine optical constants if all other parameters are known or assumed. For the laboratory spectra of mineral endmembers used in this study the viewing geometry (i, e, g) is known, the particle size/sieve range (D) of each sample is known (though the particle size distribution is not), the fractional abundance is known (M = 1 for monominerallic samples), the value of n is assumed to be constant with wavelength, and the porosity (/) is assumed to have a maximum of 0.6 for loosely packed particulate samples (Hapke 1981; Shkuratov et al. 1999 ). Here, we adopt an average phase function value for olivine, pyroxene, and plagioclase based on values reported by Mustard and Pieters (1989) , with the effect that these materials are slightly backscattering. Thus, the only unknown parameter is k and equation 1 can be solved inversely to estimate this value as a function of wavelength. In an analogous fashion, if k(k) is known for each possible mineral in an intimate mixture, then the Hapke equation can be inverted to solve for the abundance Klima et al. (2007 Klima et al. ( , 2008 Klima et al. ( , 2011 and stars are pyroxenes from diogenite and eucrite meteorites, as described in the main text. Red markers indicate the compositions that were used in the final, reduced set of mineral endmembers for the Hapke and Shkuratov models. Outlined regions indicate approximate compositional ranges of pyroxenes found in eucrites and diogenites (after Takeda [1997] and Mayne et al. [2010] ).
and/or particle size of each component. In this study, we use the trust region algorithm to solve the nonlinear equations (Coleman and Li 1996) .
We first invert equation 1 to determine k(k) for each mineral endmember and then use these values as the inputs to estimate M and D for each possible component in the lab-made mixtures and HED samples. We note that this is a relatively poorly constrained method for deriving k values because only a single particle size range is used and it often spans a wide range of values (e.g., <45 lm). Therefore, the RTM-derived estimates of k may be expected to have large uncertainties and thus yield large uncertainties in predicted mineral abundances. In this sense, the results presented below may be considered a "worst case" scenario for estimating mineral abundances from lab spectra of HEDs and VIR spectra of Vesta. Future work will focus on more detailed laboratory measurements of mineral endmembers to reduce uncertainties in RTM-derived k values, which is expected to reduce errors in predicted particle size and mineral abundance.
Parameterization and Implementation of Shkuratov Model
In the Shkuratov model, the reflectance is described as a function of the back scattering light q b and the forward scattering light q f ,
where n and k are endmember optical constants, M is the abundance for each endmember, D is endmember particle size, / is porosity, and k is wavelength. Our parameterization of the Shkuratov model is the same as that of Shkuratov et al. (1999) , except for one difference. In this study, we considered two scenarios for relating optical path length, 〈D〉, to particle size, D.
As described for the Hapke model, we test cases for both spherical and irregular particles, using the same relationships stated above. Similar to our approach for the Hapke model, equation (2) can be inverted to solve for k(k) if all other parameters are known or assumed (as is the case for our mineral endmembers) or inverted for M and D of each component in a mixture if values of k(k) are known. Because k(k) is used in different terms and in different ways in the Hapke and Shkuratov models, we only evaluate mixture spectra using values of k(k) that were derived using that same model. That is, to maintain self-consistency, we do not use values of k(k) derived from the Hapke model as inputs to the Shkuratov model, and vice versa. In addition, because the two models may yield different values of k(k) for the same sample/reflectance spectrum (and both may be different than k(k) determined from transmission spectra), it is perhaps more appropriate to consider the RTM-derived values as "effective" optical constants.
RESULTS
Optical Constants (k) for Endmember Minerals
For the RTMs to be valid it is expected that the values of k derived from reflectance spectra using the Hapke or Shkuratov RTMs should be in rough agreement with those derived from transmission 
Comparison of k Values Derived from Reflectance and Absorbance Spectra
In this context, we compared the k values of a natural bronzite sample (Bamble, Norway; Fs 14 ) derived from absorbance measurements with the k values of synthetic pyroxenes (Fs 10 and Fs 20 ) and a Bamble, Norway pyroxene from the RELAB database derived from reflectance spectra to evaluate differences between these two methods. It should be noted that the reflectance spectra of the synthetic pyroxenes from Klima et al. (2007) represent randomly oriented particles, whereas the absorbance data were acquired separately along each of the three crystallographic axes. For the synthetic pyroxene measurements, which correspond to a particle size range (e.g., <45 lm) rather than a single particle size, we used the mean particle size of the reported range as an estimate for D.
The derived k values are presented in Fig. 4 , with results shown for both the case of spherical and irregular particles for the RTM-derived examples. It is expected that the k values for the Fs 14 sample should lie between the values for the Fs 10 and Fs 20 samples, yet all k values derived under the assumption of spherical particles are significantly lower than values from the absorbance data (Fs 14 ) (Fig. 4b) . In contrast, assuming the particles have an irregular shape yields a trend in which the absorbance-derived values are bracketed by the RTM-derived values (Fig. 4b) . This latter trend is in agreement with the known differences in the pyroxene chemistry (increasing Fe content should lead to increased values of k). Importantly, for the irregular particle case, the RTM-derived values are the same order of magnitude as the absorbance-derived values. This is further validated by comparison of k values derived from the reflectance spectra of a Bamble pyroxene in the RELAB database with those calculated from transmission data (Caltech database) for a Bamble pyroxene (Fs 14 ) (Fig. 4c) . Though we cannot confirm that the sample measured and reported in the RELAB database is the exact same composition (iron content) as the Caltech sample, it is remarkable that the RTMderived values are in good agreement with the Fig. 3 . RELAB reflectance spectra of the minerals used in the final, reduced set of endmembers for the Hapke and Shkuratov models as applied to spectra of HEDs.
transmission-derived values. Therefore, we conclude that the "effective" optical constants derived from RTMs are reasonable approximations to those that would be derived from transmission measurements and that it is best to assume irregular particles when relating optical path length to particle diameter. Though we have only presented a single example, the similarity between RTM-derived and absorbance-derived values of k is in agreement with previous results for gypsum as reported by Roush et al. (2007) .
From Fig. 4b , we also observe that the k values derived with the Hapke and Shkuratov models are very similar in the 0.4-1.5 lm wavelength range but exhibit larger differences at the longer wavelengths (i.e., from 1.5-2.3 lm). This difference might result from the distinct approaches for dealing with scattering functions in the Hapke and Shkuratov models. In the Hapke model, the scattering function is dependent on illumination and viewing geometry (i and e) as well as the single scattering albedo, whereas in the Shkuratov model, the scattering function is not dependent on illumination/viewing geometry and is instead related to optical constants (n and k) (Hapke 1981; Shkuratov et al. 1999 ). In addition, in the Hapke model the phase function is phase-angle dependent (Hapke 1981) , whereas in the Shkuratov model the phase function is simplified to be independent of g (for instance, for the first layer of media the photons are assumed to be 100% forward-scattered and for subsequent layers they are assumed to scatter 50% forward and 50% backward) (Shkuratov et al. 1999 ).
Initial Model Results and Reduction of Endmembers
The initial mineral endmembers used in this study were selected based on a priori knowledge that HEDs are dominated by pyroxene, plagioclase, and olivine. The optical constants (k values) for each mineral were determined from the reflectance spectra using the Hapke or Skuratov model, as described above. In addition to olivine and plagioclase, our initial applications of the Hapke and Shkuratov models included 65 pyroxene endmembers. The reflectance spectrum for each meteorite sample was modeled using all endmember optical constants as inputs, finding the combination of endmembers that minimized the residual between the modeled and observed spectrum over the wavelength range of interest.
Reducing the number of endmembers can significantly improve the computational efficiency of the model, particularly if one desires to apply such models to all VIR data of Vesta. The models were iterated by identifying endmembers whose modeled abundances were <0.5% and removing them from subsequent runs. After several iterations, it became clear that out of the initial 65 pyroxenes, the Hapke model consistently converged on the same 11 compositions and the Shkuratov model converged on 9 to achieve the best spectral fit to all of the eucrite and diogenite samples. Individual samples typically required fewer than 4-5 pyroxenes at abundances >5% to achieve the best spectral fit. In addition, the pyroxenes chosen by the Shkuratov model represented a subset of the 11 chosen by the Hapke model. The pyroxene endmembers chosen by the RTMs (red dots and stars in Fig. 2) tend to bracket the OPX and CPX compositions found in diogenites and eucrites. An exception is that no Ca-rich pyroxene compositions similar to those found in augite lamellae in cumulate eucrites were selected by the models, despite the inclusion of synthetic pyroxenes with these compositions.
For some of the diogenites, the RTMs also selected a synthetic pyroxene with composition Wo 9 En 91 , an Fefree pyroxene from Klima et al. (2011) that has no analog in any HED meteorites. The reflectance spectrum for this pyroxene is flat and lacks absorption features in the 0.5-1 lm region, indicating that the model is selecting it as a "neutral" component to act as a scaling factor in the spectral fits. The inclusion of this endmember does not affect the overall shape or positions of modeled absorption features, only the strength of features at all wavelengths. Considering that the RTMs did not select this neutral pyroxene for eucrites, and that model runs where it was excluded from the input list still yielded similar results for diogenites, we did not include this "featureless" pyroxene in our reduced set of endmembers.
Of the initial 65 pyroxenes, the ones consistently chosen by the model to fit absorption features included six or eight synthetic pyroxenes and the three natural (meteorite) pyroxenes. The latter are perhaps not unexpected given that we are modeling eucrites and diogenites and that the diogenites exhibit a relatively narrow and consistent range in OPX composition. However, we note that the inclusion of the pyroxene mineral separates from Y-980433 is particularly important to achieve good model fits to spectra of certain eucrites; removing this endmember from the full or reduced endmember library resulted in significant misfits to the cumulate eucrite and several other eucrite spectra in the~1.25 lm wavelength region. It was discussed by Klima et al. (2008) how differences in cooling rate and associated distribution of Fe between M1 and M2 sites in pyroxenes can lead to different spectral properties, even for pyroxenes of identical chemical composition. This likely explains some of the differences between eucrite and synthetic pyroxene spectra near~1.25 lm and demonstrates the limitations of using only synthetic materials to model natural mineral assemblages.
Based on these results, for our final set of input optical constants, we were able to reduce the number of endmembers to 11 or 13 compositions for the Shkuratov and Hapke models, respectively, to accurately model the spectral shape of all the meteorites examined in this study. This final reduced set included 9 or 11 pyroxenes, 1 olivine, and 1 plagioclase. The difference in spectral fits between using this reduced set of mineral endmembers and the spectral fits that relied upon the full set of endmembers was negligible, and all values and figures presented here are based on the results from using the reduced set.
The RTM-derived k values for the final reduced set of mineral endmembers are shown in Fig. 5 . The k values modeled with the Hapke and Shkuratov methods are similar to each other for individual CPX, OPX, and plagioclase endmembers. The slight differences might result from distinct scattering and phase functions employed by the two models, as described above. However, k values for olivine modeled via Shkuratov are greater than those modeled via Hapke at each wavelength (Fig. 5) . The reason for this difference is not entirely clear, but it might be in part because olivine is more anisotropic than pyroxene and plagioclase at the standard viewing geometry (i = 30°, e = 0°, g = 30°); that is, VIS-NIR light that encounters olivine is~50% less forward-scattered than assumed in the Shkuratov model at the standard viewing geometry. As expected, values of k increase near 1 and 2 lm for CPX and OPX with increasing Fe content.
Spectral Fits
Spectral Fits to Synthetic Binary and Ternary Mixtures
As discussed above, reflectance spectra for binary (plagioclase and pyroxene) and ternary (plagioclase, pyroxene, and olivine) synthetic mixtures previously studied by Pieters (1987, 1989) were modeled to check the implementation and accuracy of the RTMs under idealized conditions. Though not shown here, the modeled spectra were within 10 À3 absolute reflectance on average when compared with measured values. This gives us confidence that our inverse implementation of the RTMs is able to accurately reproduce spectral shapes in a well-controlled test. As discussed below, the models also yielded robust estimates of mineral abundance. It should be noted that our implementation of the Hapke model is distinct from that of Pieters (1987, 1989) , which was based on the Hapke-derived single scattering albedo values of the mineral endmembers. In contrast, our implementation of the Hapke and Shkuratov models are based on the optical constants (n and k) of each endmember. Despite these differences in implementation, the spectral fits obtained by each method are roughly equal for this idealized test case. As with the meteorites, the optical constants used as inputs to these models were derived from the respective RTM.
Spectral Fits to Eucrite Samples
RELAB reflectance spectra for the 14 eucrite and 13 diogenite samples are compared with modeled spectra from both the Hapke and Shkuratov RTMs in Figs. 6 (eucrites) and 7 (diogenites). For the eucrites, the modeled and measured spectra are generally in good agreement at all wavelengths, particularly for the Hapke results (Figs. 6a and 7a ). This includes the~1.2 lm region that is sensitive to Fe in the pyroxene M1 site, a feature that is fit by the model through the selection of the endmember corresponding to the pyroxene separates from the cumulate eucrite. By comparison, spectral fits from the Shkuratov model are also quite good but exhibit higher residuals in the~1.2 lm region and, in some cases, associated with the strength of the~1 lm pyroxene feature.
Significant discrepancies between the modeled and measured spectra of some eucrites are observed in thẽ 1.2 lm region, regardless of which RTM is used, if the pyroxene separate from the cumulate eucrite Y-980433 is not included in the input endmember list. Specifically, for each fit, the RTMs attempt to match the position and strength of the~1,~1.2, and~2 lm pyroxene bands simultaneously, and if the model does not include the Y-980433 pyroxene endmember some of the resulting fits have high residuals. For these cases, the positions of the~1 and~2 lm bands are matched rather well but the strengths of these bands, as well as the strength and shape of the~1.2 lm region, are matched poorly. Conversely, if the model is weighted to favor the fit at wavelengths near~1.2 lm then band centers at~1 and 2 lm become too long when compared to the measured spectra. The 1.2 lm feature is the result of Fe 2+ in the M1 site, the abundance of which can be related to cooling history (Klima et al. 2008) . These results indicate that many of the synthetic pyroxenes of Klima et al. (2007 Klima et al. ( , 2008 Klima et al. ( , 2011 likely have more Fe 2+ in the M1 site than is typically found in eucritic pyroxenes of equivalent bulk chemical composition, as discussed by Klima et al. (2008) . This is not unexpected given that the synthetic pyroxenes were quenched and, in contrast to many eucrites, they did not experience later thermal metamorphism and equilibration. In this context, it is clear that the synthetic pyroxene library is insufficient for spectral modeling of some eucrites due to the lack of samples with both similar pyroxene chemistry and Fe site occupancy. This problem is alleviated for the eucrite samples presented here by including the Y-980433 pyroxene as a potential endmember. Collectively, the Hapke model yields slightly better spectral fits (lower residuals, Table 4) than those derived from the Shkuratov model, particularly in the~1 -1.5 lm region. The reason for this difference between the two models is not entirely clear, especially given that identical mineral endmembers were used as Fig. 6 . Comparison between measured (solid lines) and modeled (dashed lines) reflectance spectra for 14 unbrecciated eucrites based on the (a) Hapke and (b) Shkuratov models. These samples and spectra are the same ones described by Mayne et al. (2009 Mayne et al. ( , 2010 . the starting point. However, it may be due in part to the difference in k values determined by each RTM. Alternatively, it may be a reflection of how the two models account for the scattering and phase functions, as mentioned above. Regardless, all of the spectral fits are of sufficient quality that one would expect the RTMs to yield reasonable estimates for particle size and mineral abundances in these and other eucrite samples.
Spectral Fits to Diogenite Samples
Measured reflectance spectra of the diogenite chips, unsieved powders, and <45 lm powders are compared to those from the Shkuratov and Hapke models in Fig. 7 . As expected, the <45 lm powders all exhibit higher reflectance values than the corresponding chips and unsieved powders due to a relative increase in surface scattering. Reflectance spectra for the chips and unsieved powders are typically quite similar to each other, likely because the latter include numerous large particles (Fig. 1) . Similar to the eucrites, the RTMs are able to reproduce the general spectral shape for most of the diogenites. Exceptions include spectra for the GRA 98108 chip and for all particle sizes of LEW 88679, regardless of which model is used.
Photographs of the samples (Fig. 1) show that the GRA 98108 chip exhibits a much smoother and more transparent surface than the other chips, and this texture leads to local areas with increased specular reflection. These attributes may lead to a decrease in multiple scattering and a strong increase in surface scattering relative to volume scattering, which could explain the low albedo and rather broad and shallow 1 lm and 2 lm absorptions in the spectrum of this chip.
Spectra for sample LEW 88679 (chips, unsieved powders, and <45 lm powders) exhibit the lowest reflectance values among the 13 diogenites, even for the <45 lm powder (Fig. 7) . Examination of this sample with an optical microscope reveals that it contains a number of dark grains, and Beck and McSween (2010) reported this meteorite may contain as much as 1.5% troilite. This is significantly more troilite than any other diogenite examined here (with the exception of the dunitic diogenite) and such a mineral endmember is not included in our model. Therefore, it is possible that the spectral fits for this sample may be significantly improved by the inclusion of troilite as an endmember, which will be evaluated in future work. We note that although neither RTM produces reliable spectral fits for this sample, the Hapke model yields slightly lower residuals than the spectral fits achieved by the Shkuratov model (3 9 10 À3 versus 7 9 10 À3 ) for spectra of the <45 lm powders.
As with the eucrite samples, the majority of the modeled diogenite spectra are very good matches to the measured values, indicating that the input spectral library contains the necessary mineral endmembers to model these meteorites. In addition, this would indicate that the modeled mineral abundances and particle sizes should be comparable to measured values if (1) the derived effective optical constants for each endmember are reasonable approximations to true absorption coefficients and (2) the RTMs themselves are appropriate for modeling these types of complex mixtures. Based on positive previous results for synthetic mixtures of olivine, pyroxene, and plagioclase Pieters 1987, 1989) and our re-evaluation of those data here, there is no inherent reason to believe the RTMs should not be valid for HEDs. Therefore, any significant differences between measured and modeled mineral abundances are likely the result of imperfect knowledge of the optical constants or scattering properties of the endmembers. However, it should be noted that the RTMs are optimized for particulate samples/materials, thus they may produce unreasonable values or large errors for the diogenite chips and bulk unsorted powders.
Mineral Abundances
As stated above, the outputs from the RTMs include estimates of particle size (here we assume irregularly shaped particles based on our results for the optical constants) and weighting coefficients for each endmember spectrum. The latter are converted to estimates of mass or volume fraction by assuming a solid density for each mineral endmember, values which can be readily obtained from a variety of mineralogy textbooks or other sources.
Our estimates of modal mineralogy for the binary and ternary mixtures previously studied by Mustard and Pieters ( , 1989 are presented in Fig. 8 . Differences between modeled and measured mineral abundances for these samples are within 5% (absolute) and typically <3% for both the Hapke and Shkuratov models. Plagioclase estimates have the largest uncertainty, which is not unexpected given its spectrally neutral properties at NIR wavelengths. These results are similar to those of Mustard and Pieters (1989) , though that study did not examine the Shkuratov model and relied on single scattering albedo instead of optical constants as inputs. We find that the Shkuratov and Hapke models exhibit similar performance for these well-defined mixtures in which all endmembers have a similar particle size range and are intimately mixed. These results give further confidence that the Hapke and Shkuratov models are applicable to particulate mixtures of olivine, pyroxene, and plagioclase that are akin to HED powders and that are likely to dominate the surface of Vesta.
Pyroxene
Estimates of pyroxene for the eucrites and diogenites are within 5% of measured values for most samples, but both the Hapke and Shkuratov models tend to overestimate the abundance for a number of diogenites and several eucrites (Fig. 9) . When considering the sample suite as a whole, the errors in pyroxene abundance are somewhat smaller for values derived from the Hapke model. In addition, pyroxene estimates for the <45 lm diogenite powders exhibit significantly less scatter than those derived from spectra of the equivalent chips and unsorted bulk powders, particularly when using the Hapke model. The largest deviation (~10% error) is for diogenite LEW88679 (<45 lm powder). As discussed above, this sample is the darkest among the 13 diogenites, exhibits the poorest spectral fit, and contains~1.5% troilite. This lends further support to the importance of including additional mineral endmembers in the model for application to certain HEDs, which we will address in a future study.
Both models overestimate pyroxene abundance for several of the eucrites, though this effect is more pronounced in the Shkuratov results. For the Hapke results, eucrites for which pyroxene is overestimated by >5% (BTN00300, Chervony Kut, GRO95533, and PCA91078) correspond to spectra with slightly poorer spectral fits ( Fig. 6; Table 5 ), which may indicate insufficient or inappropriate endmembers in the model. For the Hapke model, there appears to be a clear relationship between goodness of spectral fit and accuracy in estimates of mineral abundance. Similar relationships are observed in the Shkuratov model for three eucrites (BTN00300, PCA91078, and Serra De Mage) with overestimated pyroxene abundances, but this model also overestimates pyroxenes for two samples (EET87520 and EET90020) that have good spectral fits.
Plagioclase
Estimates of plagioclase for most samples are also within 5% of known values when using the Hapke model (Fig. 9, right column) . Although the diogenites contain only minor amounts of plagioclase, the eucrites span a measured modal range from 40 to 60%. The Hapke model is able to accurately estimate the amount of plagioclase over this range, but given these large Fig. 8 . Comparison between measured and modeled mineral abundances for (a) ternary mixtures or pyroxene, plagioclase, and olivine and (b) binary mixtures of pyroxene and plagioclase. Spectral and modal values are from the RELAB database and were previously reported in Pieters (1987, 1989) . Dashed lines indicate 5% absolute offsets; solid lines are 1:1 lines.
abundances and the limitations of our sample suite (no samples with plagioclase abundances between~5 and 40%), we cannot currently determine a lower limit for plagioclase detection in HEDs. By comparison, results from the Shkuratov model yield a slightly higher root mean square error (RMSE; Fig. 9 , left column), though estimates for most samples are still within~5% of measured values. For both models, the largest deviations from known values are associated with underestimation of plagioclase. This is perhaps not unexpected given that plagioclase typically lacks strong, diagnostic absorption features at VIS-NIR wavelengths.
Olivine
None of the unbrecciated eucrites examined in this study are reported to contain olivine (Mayne et al. 2009 ), thus the following results apply only to the diogenite samples. As was the case for pyroxene and Radiative transfer modeling for HEDsplagioclase, errors in estimated olivine are largest for the diogenite chips and bulk unsieved powders (Fig. 9) . Deviations from measured values are often >5% for these samples regardless of which model is used, thus it is not clear which, if either, model has greater validity for detecting olivine in HEDs and on Vesta for very coarse-grained materials. In contrast, olivine estimates from the Hapke model are significantly improved over the Shkuratov estimates for the fine-grained, <45 lm diogenite powders (Fig. 9) . For these samples, the Hapke model correctly estimates the amount of olivine to within 5% (absolute) of measured values. Indeed, for the five samples that contain between~6 and 91% modal olivine (Table 2) , the modeled values are all within AE3%, absolute. The only exception is sample LEW88679, which has the poorest spectral fits and is complicated by the presence of troilite, as discussed above. The Hapke model fails to accurately predict or detect olivine in samples with modal values <5%. Together, these admittedly limited results suggest >5% modal olivine must be present for detection by the Hapke model, but once this criterion is met, then the model can accurately estimate olivine abundance to within 5% (absolute) or better.
By comparison, estimates from the Shkuratov model for the <45 lm sieved samples systematically underestimate the amount of olivine, with the exception of the dunitic diogenite MIL 03443 (Fig. 9, left  column) . Furthermore, the Shkuratov model fails to detect olivine in many of the diogenite samples, particularly for modal values ≤15%. These results indicate that the Shkuratov model does not perform as well as the Hapke model for detecting olivine in orthopyroxenitic or harzburgitic diogenites, regardless of particle size. This is somewhat surprising given the generally good accuracy of the model when applied to the synthetic olivine-bearing binary and ternary mixtures (Fig. 8 ), but that sample suite did not include mixtures with <20% olivine.
Particle Size Estimates
For the synthetic binary and ternary mixtures, the previously measured eucrite samples, and the sieved diogenite samples, the "measured" particle size range is based on the reported sieve mesh size used during sample preparation. For the synthetic mixtures of Pieters (1987, 1989) and our sieved diogenites, this corresponds to a particle size range of <45 lm. For the eucrites previously measured by Mayne et al. (2010) , the sieve range and particle size range vary between samples (Table 1) . Of the 14 eucrite samples, 5 have a range <25 lm, 2 are <38 lm, 6 are <45 lm, and 1 is <125 lm.
For the diogenites, 12 of the 13 samples were received as single chips on the order of 5-7 mm in diameter, which was equal or larger than the spot size analyzed with the spectrometer. The other sample, ALHA77256, was received as several large fragments (all >1 mm in diameter, see Fig. 1 ). Maximum particle size range for the unsieved diogenite powders was determined by measuring the largest particle within the field of view (Fig. 1, lefthand columns) .
Particle sizes for each sample as determined by the Hapke and Shkuratov models are presented in Fig. 10 . Here, the bar height represents the maximum range in particle size for all selected endmembers (i.e., the bulk mixture) and the markers represent the weighted average particle size for all selected endmembers, where the weighting is based on the endmember abundance. Minimum bar values of zero indicate that not all of the input mineral endmembers were required for the spectral fit (i.e., some endmembers were modeled as zero abundance and thus have a particle size of zero). For the sieved diogenite powders, both models yield similar estimates of particle size and all estimates are within the middle to lower portion of the measured range (i.e., <45 lm; Fig. 10c ). For most samples, the particle sizes estimated from the Hapke model are larger than those estimated from the Shkuratov model. A similar systematic difference is also observed for the bulk unsieved diogenite samples (Fig. 10b) . However, for these coarse samples, the estimated particle sizes exhibit significant variation for mineral endmembers within a given sample and between samples, and in some cases the estimated values are larger than measured values.
Similarly, Hapke estimates of particle size for the eucrite samples are systematically larger than those derived from the Shkuratov model, and in four cases, the average modeled particle size is larger than the reported sieve range. This is not observed for the Shkuratov results, for which all mean particle sizes are <25 lm in diameter and well within the expected range. In general, particle sizes derived from the Shkuratov model appear to exhibit less variation between samples than those derived from the Hapke model.
DISCUSSION
When evaluating the efficacy of RTMs such as those proposed by Hapke (1981) and Shkuratov et al. (1999) , it is important to understand the goals and limitations of their implementation for different cases. Specifically, planetary geologists often seek accurate estimates of mineral composition and abundance for planetary surfaces, as these are critical factors for evaluating geologic processes. Accurate estimates of regolith particle size, range, and distribution are also of interest, though in many cases this is secondary to understanding compositional variations. In the case of Vesta, accurate particle size estimates may provide information on impact processes, regolith gardening, and, if particle size retains any relation to original petrologic texture, variations between coarse-grained cumulate and fine-grained, noncumulate lithologies. In this context, one should bear in mind that a good spectral fit does not necessarily imply accuracy in modeling mineral composition, abundance, or particle size. All factors must be considered and evaluated to determine the limitations of the models.
Spectral Fits
Spectral fits for the synthetic binary and ternary mixtures of olivine, pyroxene, and plagioclase are robust for both the Hapke and Shkuratov models when using RTM-derived optical constants. In addition, estimated modal mineralogy for these mixtures are also quite accurate (<5% absolute uncertainty) and estimated particle sizes are within the expected range, indicating both models perform well for simple, wellcontrolled systems. Though our implementation of these models differs from earlier studies, these results are consistent with previous findings by other studies such as those by Pieters (1987, 1989) and Poulet and Erard (2004) . To assess whether or not this accuracy extends to natural samples with similar mineralogy, we have evaluated both models for a suite of olivine-bearing diogenites and unbrecciated eucrites.
The spectral fits shown in Figs. 6 and 7 demonstrate that both the Hapke and Shkuratov models are able to reproduce the major spectral shapes and absorption features for all of the samples examined here to a reasonable degree (average absolute errors of spectral fits are on the order of 10 À3 ), with the exception of diogenite sample LEW88679. The potential presence of~1.5% troilite in this meteorite (Beck and McSween 2010) , a phase that can act as an effective and nonlinear darkening agent, likely complicates the spectral fits for this sample. We did not include troilite, Fe-Ni metal, or other such phases in our input library of mineral endmembers, though doing so may lead to significant improvements in the spectral fits for this sample. This will be evaluated in a future study.
Interestingly, the potential presence of~2% troilite in the dunitic diogenite (MIL 03443) did not have a significant effect on the ability of the model to fit the spectra or accurately model the mineral abundance for this sample. This may be because this sample is dominated by olivine (>90%), which is quite transparent at wavelengths other than~1 lm. We do note that the spectra for this meteorite are noticeably darker than would usually be expected for such an olivine-rich sample. Therefore, it appears that the troilite may affect the sample's reflectance spectrum, but to a lesser degree than is observed when it occurs with other absorbing phases (e.g., pyroxene).
For all other samples, the spectral fits achieved with the Hapke model yield very low residuals (average absolute errors on the order of 10 À3 ). Spectral fits based on the Shkuratov model are also very good, though some samples exhibit misfits in the~1-1.5 lm region when compared to the Hapke results. The reason for this difference is not entirely clear, but it is likely related to how each model treats the scattering and phase functions, and possibly in their treatment of viewing geometry. Regardless, the goodness of spectral fit achieved in this study demonstrates that our reduced set of mineral endmembers is (1) appropriate and sufficient for reproducing spectral features associated with these samples and (2) a reasonable starting point for modeling spectra of HEDs in general, and by extension Vesta.
The best spectral fits were achieved by including mineral endmembers corresponding to pyroxenes from the meteorites themselves (OPX compositions from two diogenites and bulk pyroxene composition from a cumulate eucrite). These endmembers were critical for accurate simultaneous fitting of the~1,~1.2, and~2 lm Fe 2+ absorptions associated with pyroxene (i.e., to achieve spectral fits with average errors as low as 10 À3 ). These HED pyroxene endmembers accurately capture the chemical composition and, unlike many of the synthetic pyroxenes, the distribution of Fe 2+ between the M1 and M2 sites that are of relevance to Vesta given the geologic history of pyroxenes in the HEDs. However, there is no reason to believe a priori that this specific library of mineral endmembers could be generically applied to spectra of basaltic regions on the Moon, Mars, or other asteroid surfaces. It may be that equally accurate modeling of those surfaces requires pyroxene endmember spectra specific to those bodies. This is consistent with the findings of Klima et al. (2008) , who demonstrated the importance of thẽ 1.2 lm pyroxene feature and its strong relation to cooling history and site distribution of Fe 2+ .
Estimates of Particle Size and Modal Mineralogy
Given the potential nonuniqueness of a solution, a good spectral fit is a necessary but insufficient metric for determining whether or not the Hapke and Shkuratov models can accurately estimate the modal mineralogy of HEDs and Vesta (e.g., uncertainties <5-10%). As shown above, our results demonstrate that neither model is well suited for determining the modal mineralogy of digoenite chips or very large particles, even though the spectral fits were quite good. This may be a particular limitation of the sample suite examined here or our specific implementation of the models and their various parameters, but it is also not entirely unexpected given that the models were developed specifically for porous, particulate media within the geometric optics regime. For very large particles and intact chips, it may be that porosity is decreased to the point where coherent interactions between particles are no longer nonnegligible, as discussed by Hapke (2008) in the context of densely packed media. The accuracy and any happenstance validity of current RTMs for these types of media, where multiple scattering is significantly reduced, remain to be explored. Fortunately, it is believed the surface of Vesta is dominated by regolith composed of fine-grained material (e.g., Hiroi et al. 1994) , thus our results for the sieved samples are the most applicable to Dawn VIR data of Vesta. By comparison, the particle size range for the sieved eucrite and diogenite samples examined here are within the range where the models are expected to yield reasonable results. Our results confirm that both models produce better estimates of modal mineralogy for these samples, though to different degrees. The Hapke model results in better estimates of modal mineralogy for pyroxene, plagioclase, and olivine for particulate samples when compared to the Shkuratov model. These differences are modest for pyroxene and plagioclase but more pronounced for olivine. In some cases, these differences may be acceptable to the user, especially given that the Shkuratov model is more computationally efficient, an important factor when considering application to hyperspectral data sets at a global scale.
For both the models, the majority of modeled pyroxene and plagioclase abundances are within 5% (absolute) of measured values for the samples examined here. However, the Hapke model appears to be more sensitive to the presence of olivine, and this component was modeled to within~5% of known values for all samples with >5% modal olivine. By comparison, the Shkuratov model failed to detect the presence of olivine for most samples with <15% by mode. Both models accurately estimated the olivine abundance of the dunitic diogenite to within several percent. These results suggest that the detection limit of olivine is significantly lower for the Hapke model, possibly as low as 5%, and our current implementation of this model may be favored for detailed mapping of olivine on Vesta using VIR data. Importantly, neither model identifies olivine as being present in any of the eucrites, thus false positives do not seem to be a factor for these samples.
Empirical approaches and the Shkuratov model have been used previously to assess olivine in HEDs and on Vesta (Ammannito et al. 2013a; Beck et al. 2013; Poulet et al. 2014; Ruesch et al. 2014) . Beck et al. (2013) demonstrated that they could unambiguously identify olivine in HEDs for modal values >50% using the empirical BAR parameter (band area ratio at 1 and 2 lm; Cloutis et al. 1986 ). Recent work by Ruesch et al. (2014) concluded that olivine-enriched locations on Vesta's surface could be confidently detected when olivine abundances were >50-60 vol%. That study used the empirical FoP (Fo parameter) value, which quantifies the olivine absorption at~1 lm (Poulet et al. 2007) , in conjunction with band parameters at 1 and 2 lm. When compared to the observations and results presented here, as well as previous RTM studies, it is clear that commonly used empirical approaches have significantly higher olivine detection limits compared with RTMs. Poulet et al. (2014) indicated that the Shkuratov model had an olivine detection limit of 10-20%, which is consistent with our observations of the Shkuratov model failing to accurately predict olivine for abundances <15%. To date, only localized olivine enriched exposures on Vesta's surface have been detected with the Dawn VIR data. This may be due to low olivine contents (<30%) on Vesta's surface or the high olivine detection limits associated with the methods used in previous studies. If confirmed with additional measurements, the apparent lower detection limit of the Hapke model (~5% for olivine in HEDs) may provide new insight into the distribution of olivine on Vesta when applied to VIR data.
Assessment of RTMs for Application to HEDs and Vesta
The largest sources of uncertainty in our current implementation of the RTMs are the optical constants for the various mineral endmembers. Because the models are constructed to estimate both abundance and particle size for each endmember, there is an inherent tradeoff between these output parameters and the input optical constants. Underestimating the strength of absorptions (k values) will lead to an increase in modeled optical path length, 〈D〉, and thus modeled particle size, D. This also has the effect of increasing the mineral abundance, because the abundance is a function of particle size and density (Hapke, 1993) . The k values derived from the Shkuratov model are systematically higher than those derived from the Hapke model (Fig. 5) , which may explain why the particle sizes estimated from the Shkuratov model are systematically lower than those derived from the Hapke model. Despite these differences, the particle sizes modeled by both RTMs are in rough agreement with the expected range based on the sieve mesh size used during sample preparation for the <45 lm diogenite and eucrite powders. The Hapke model exhibits more variability in modeled particle size but has improved accuracy in estimating mineral abundance. Further testing and refinement that allows uncertainty in the optical constants to be reduced would likely improve the results of both models. Our current models rely on RTM-derived optical constants, and for many of the mineral endmembers, these were derived from single particle size ranges. Ideally the effective optical constants would be derived by measuring reflectance spectra of multiple particle sizes sieved over narrow size ranges, producing an overdetermined system that can be solved inversely with each of the RTMs. The efficacy of this method has been demonstrated for other minerals and the results compare favorably to optical constants derived from transmission measurements (e.g., Roush et al. 2007) .
Similarly, our example of RTM-derived optical constants for orthopyroxene compared with transmission measurements also shows positive results. What we present in this study is of course a very limited test, but our results for the assumption of irregular particles are in rough agreement with the independent transmission measurements for a pyroxene of intermediate composition (Fig. 4) . Further tests and experiments that compare RTM-with transmissionderived optical constants are certainly warranted, but the fact that modeled spectra, mineral abundances, and particle sizes fall within expected ranges indicates that our current RTM-derived k values are reasonable approximations. However, because of the uncertainty in our k values, it is currently unclear whether the uncertainties in estimates of mineral abundance and particle size are the product of this or other factors.
Another source of uncertainty in the implementation of the RTMs is the approximation of the scattering function. The Shkuratov scattering function is split into forward and backward scattering hemispheres through semi-infinite layers of media (Shkuratov et al. 1999) . On the first layer of the media, it is assumed the photons are 100% forward-scattered, whereas for subsequent layers the photons are assumed to scatter half forward and half backward. However, some minerals might exhibit more anisotropic scattering behavior than this assumption. In the Hapke model, a two-term Legendre polynomial can be used to describe the phase function (Hapke 1981) , and in this study we adopted the coefficients for olivine, pyroxene, and plagioclase that were experimentally derived by Mustard and Pieters (1989) . This distinction may explain why the Hapke model yields improved spectral fits and mineral abundance estimates for the samples explored in this study. This also highlights the importance of considering the phase function in spectral modeling, as anisotropic scattering behavior can have strong effects on reflectance, band depth, and spectral slope.
To better understand possible uncertainties associated with the Hapke and Shkuratov RTMs, we searched the RELAB spectral database and the published literature to find additional HEDs for which modal mineralogy and reflectance spectra existed. We found 5 howardites, 13 eucrites, and 3 diogenites that met these criteria (Table 6 ). In none of these cases could we confirm that the samples used for modal analysis were representative of those used for reflectance measurements.
Indeed, the specific samples corresponding to each measurement are clearly different given that modal analyses were determined from thin section and reflectance spectra were measured for powders. One may expect that this difference would be particularly problematic for the howardites, which are breccias and can exhibit extreme heterogeneity. In these cases, the modal mineralogy determined from thin section may be very different than the modal mineralogy in the sample measured in RELAB.
Assessing these additional HEDs has the benefit of (1) providing an independent test of the RTMs with our reduced set of mineral endmembers, (2) allowing us to assess how uncertainties in the k values may affect results when applied generically to HEDs and thus Vesta, and (3) extending the range of samples to include more complex breccias (e.g., howardites and brecciated eucrites). This latter point is of particular interest given that the modal range of pyroxene and plagioclase were somewhat limited in our selected set of eucrites and diogenites. Testing the models for howardites, which are randomized mixtures of eucrites and diogenites, allows for the possibility to test samples with modal plagioclase and pyroxene values that are intermediate to what is found in eucrites and diogenites alone. Similarly, howardites can contain impact-related phases that are not currently accounted for in our implementation of the Hapke and Shkuratov models.
The results of this independent test are presented in Fig. 11 . As was observed for our "controlled" eucrite and diogenite samples, the Hapke model is able to estimate plagioclase and pyroxene abundances to within 5% of known values for many samples and nearly all of the values are within 10%. Results from the Shkuratov model exhibit significantly more scatter, particularly for plagioclase. To further understand the accuracy of these models for application to VIR data of Vesta, we plan to conduct a detailed laboratory and modeling study of howardites in the future.
As a whole these results are promising and indicate that our current implementation of the Hapke model achieves reasonable results for modal mineralogy when applied to HEDs. There is no clear reason to believe the Shkuratov model could not also be applied to HEDs or Vesta and ultimately yield smaller uncertainties, but additional work is needed to understand the specific sources of uncertainty for this application.
Possibilities include reducing the uncertainty in the Shkuratov-derived k values, modifying the scattering and phase function, or accounting for variations in viewing geometry. The combined results for all powdered HEDs examined here (Fig. 12 ) demonstrate that the current Hapke model is sufficient for initial mineral mapping of Vesta, Table 6 . The sample and modal mineralogical information for the 5 howardites, 13 eucrites, and 3 diogenites that are used to further test the RTMs. The corresponding reflectance spectra of these samples can be searched from the RELAB website via the sample ID. but we believe the uncertainties can be further characterized by testing the model using howardites for which modal mineralogy and reflectance spectra have been measured for the same aliquot of sample.
CONCLUSION
The accuracy and limitations of two radiative transfer models for predicting modal mineralogy were evaluated with identical data sets that have direct relevance to HED meteorites and the surface of Vesta.
The Hapke and Shkuratov models were compared using laboratory reflectance spectra of (1) previously studied synthetic mixtures of pyroxene, olivine, and plagioclase; (2) 14 unbrecciated eucrite powders; (3) 13 diogenite chips, bulk unsieved powders, and <45 lm sieved powders; and (4) 21 other HEDs. Estimates of modal mineralogy were available for all samples and particle size ranges were known for all synthetic mixtures and sieved samples. Inputs to the models were estimated optical constants for a library of relevant mineral compositions, including an initial library with 65 pyroxene compositions. It was demonstrated that a reduced set of 11-13 compositional endmembers could be used to successfully model spectra of all HED samples examined in this study. Both models were solved inversely to estimate modal mineralogy (pyroxene, plagioclase, olivine) and particle size for comparison to measured values. Key findings, implications, and future directions are as follows.
1. Optical constants derived from RTMs are in better agreement with those measured from transmission spectra when it is assumed that particles are irregular (nonspherical). Similarly, better estimates of modal mineralogy are achieved for HEDs under this assumption. RTMs can be solved inversely to provide reasonable approximations for absorption coefficients, but well-controlled laboratory measurements for multiple particle sizes are desirable to reduce uncertainties associated with this method. 2. Our set of 11-13 compositional endmembers can be used to reproduce the spectral reflectance properties of a wide range of HEDs, including brecciated and unbrecciated eucrites, cumulate eucrites, howardites, and orthopyroxenitic and harzburgitic diogenites. Residuals between modeled and measured reflectance values are commonly on the order of 10 À3 . 3. Pyroxene, plagioclase, and olivine abundances estimated from RTMs are commonly within 5-10% of measured values for the HEDs examined here. In our current implementation of the RTMs, the Hapke model yields better estimates of modal mineralogy compared with the Shkuratov model, with many abundance estimates being within 5% (absolute) of known values. In addition, results for the Hapke model suggest it has a lower olivine detection limit compared with the Shkuratov model (5% versus 15%), indicating the former may be more sensitive to the presence of olivine in HEDs and on Vesta. 4. Both the Hapke and Shkuratov models are able to make accurate predictions (<5-10% uncertainty) of modal mineralogy under well-controlled conditions. The observed differences in the models when they are applied to HEDs may be related to uncertainties in k values or, more likely, in the way that the two models account for scattering phenomena. The Shkuratov model is advantageous for hyperspectral imaging data in that it is computationally more efficient, but additional work is needed to understand how the model may be improved to account for different viewing geometries and to reduce the uncertainties to match those achieved with the Hapke model. 5. The results presented here demonstrate that a reduced set of mineral endmembers that are tailored for HED compositions can be used in RTMs to accurately model HED reflectance spectra and, by extension, well-calibrated VIR data of Vesta. Applying these quantitative methods to VIR data will likely provide new insight into the mineralogical composition of Vesta and the surface distribution of cumulate and noncumulate components.
